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Taylor Series

For a function f(x) that is differentiable infinitely many times,
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The coefficients a,, are
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Series Solution of the Differential Equation

As an example, let us return to the homogenous DE
y'(z) + k*y(z) =0 —  y(z) = Acos(kx) + Bsin(kz)
which is readily solved based on the auxiliary equation.

Alternatively, we can assume a solution of the form
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y(a:) — Z angjn’

n=0

which leads to

i nn — 1apz™ % + k* i anpx' =0,
n=2 n=0

when inserted in the DE.



Series Solution of the Differential Equation

i nin — Day,z™ % + k? i apxr’” =0
n=2 n=0

Grouping the terms with the same power gives the recursion relation
k?
n+1)(n+ 2)

Anp+2 = —( Anp, .

We have two linearly independent series solutions,
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Series Solution of the Differential Equation

Recalling the Taylor expansions of sine and cosine, we can deduce

wo(@) = 3 ()" T _ o),

— (2n)!
= kx)?™x 1 .
y1(x) = nzz;)(—l)n ((277/1 0] =7 sin(kx),

y(x) = Ayo(x) + By (x) = Acos(kx) + B’ sin(kx).

This method is called the series solution of the DE.

This techniqgue becomes more useful in more complicated differential
eqguations, as we will see.






Classical Harmonic Oscillator

A particle of mass m Is attached to a spring whose length at rest is xy.

Y

If the particle is moved along the z-axis, the spring will exert a
restoring force that acts in the opposite direction of the displacement,

F=—k(x—xp).

Suppose the particle is initially at the position z(0) and velocity v(0),
and we want to predict the state of the particle at time ¢.



Classical Harmonic Oscillator

By Newton’s second law, we have

d?z(t
Flz) = —k[z(t) — z0] = m dﬁg ).
If we make the substitution x(t) — xog = X (¢), the DE is converted to
d*X (t)
—kX(t) =m e

which can be easily solved to vyield
x(t) = xg + Acos(wt) + Bsin(wt), w =+\k/m =2nf.

The undetermined coefficients A and B are specified by the initial

conditions,
A =2(0) — zo, B:@.



Classical Harmonic Oscillator

We can define the potential energy w.r.t. the equilibrium position

= X 1 2
Viz) = —/F-dé’z —f F(z)dr = §k(:c—:c0)2 = m;u (z — )2
C I
As usual, the Hamiltonian function of the system
2 2
- D mow 2
Hx)=T+V(x)= 2m+ 5 (x — xg)

represents the total energy of the system.

The potential and kinetic energy change with time, but their sum
remains constant due to energy conservation.



Quantum Harmonic Oscillator

From now on, we will redefine the natural length (equilibrium position)

of the spring as « = 0, which converts the Hamiltonian to

»? mw?

H(.CU)Z%—I— 9

z°.

The quantum mechanical operator corresponding to this Hamiltonian is

52 2 2 g2 2
. D mw< , he d mw? o
H = — = — .
() om 2 ¢ omdz T 2 "

This guantum harmonic oscillator Hamiltonian is widely used as the
simplest model for describing molecular vibrations.

O "



Ay
Series Solution
The Schrodinger equation is
H(x)y(x) = By (),
which Is expressed as
h? /) mw? 0 B
— 5V (@) + o—a"(@) = By(a).
Inserting the series solution ¥(z) = Zanx”
| h’ 3h°
leads to the relations  ——a2 — Fap =0, ———a3— Ea; =0,
m m
2 2
—h—(n + 1)(n+ 2)ant2 — Ea, + o an—1 =0
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Series Solution

Such a three-term relations are not easy to handle, and the answer also
would not be so intultive.

Instead of the direct approach, we insert an ansatz
mw

V(@) = fa)e 2 a= =,

into the original DE and get a new DE in terms of f(x),

2mE
f"(x) = 20cf(z) + (K —a)f(z) =0, K="0
Apply the series solution approach gives a two-term recurrence relation
= a—+ 2na — K

f(aj) — Z cpx', = Cpgo = (n n 1)(n n 2) Cn

n=0



Series Solution

To satisfy the boundary condition for the wavefunction lim #(z) =0,
the series must terminate after finite terms, which means

a+ 2va — K

(v+1)(v+2)
for a certain v. This forces K to have the value of
K=2v+1)a, v=0,1,2---.

=0

which makes the series terminate at the order v.
Combining this result with K = 2mFE/k* and a = mw/h gives us the

quantized energies !
E = (’U + —)hw.



Series Solution

Oncewv is determined, the recursion relation becomes
2c(n — v)
n+1)(n+ 2)

Cn+4+2 = ( Cn, -

Therefore, the solutions are

co + cox?® + - cpx? 6_Q$2/2, v even
@bv(aj) — 2
(c1x + c3x3 + - - cpx?)e /2, v odd

These solutions can be compactly written as
Yy (x) = AUHU(\/&aj)e_amz/z,

where A, is the normalization constant and H,(x)is the Hermite
polynomial of order v.
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Basic Properties of the Solutions

n
2 d _m2 /
Hofe) = (= 1) € Hunle) = 20H, () ~ Hi(2)
1/4
1 [« —az? /2 The first thr lutions:
¢U($) _ (_) H,U(\/Ex)e axr®/ e TIrS ee Sowutions:
V2rn! \ T 1/4
Hy(z) =1, 7) — E e—am2/2
H[(E}:ET, wo( ) (ﬂ-) ?
Hs(z) = 4z° — 2,
Hy(z) = 8z — 12z, A3 1/4
Hy(z) = 162" — 482" + 12, Qpl(ag) — (&) xe_m?/z’
Hs(z) = 322" — 160z + 120z, L
Hg(z) = 642° — 480z" + 7202* — 120,
H;(z) = 12827 — 13442° + 33602° — 1680z, o 1/4 5 0?2
Hy () = 2562° — 35842° + 13440z — 134402% + 1680, o (x) = = (20 — 1)e :
Hy(z) = 5122° — 92162" + 48384z — 80640z + 30240z, @
Hyg(z) = 10242 — 230402° + 1612802° — 403200z" + 302400z> — 30240.
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Basic Properties of the Solutions

The energies of the solution wavefunctions follow \

v=4
1
E_<U—|—§)hw) 'U:O,l,2"'
which forms a ladder with an equal spacing of aw. .
v=1
The smallest guantum number for harmonic
oscillatoris v = 0. Y

FIGURE 4.1 Lowest five
energy levels for the

Note that this is different from the particle-in-a-box onedimensional harmaonic
problem, where the quantum number started from 1. oscliatr

Levine, I. N. Quantum Chemistry, 71" ed. 16



Basic Properties of the Solutions

x 'y The solution wave function with the
[\ quantum number v has v nodes.
_.f’.'; .. N . . I."I . .."m__ . N
x x x 1/)1) ( 213) ~ H, ( \/a .ZU) e O /2
@v=0 b)v=1 The wavefunctions also exhibit
. , tunneling through classically
M\ forbidden region.
J I, CNG i : .-'I '. I.'I N " o 1 / 4 .
I ¥ ™, / \ I.' X L — 2
1/ \ / |\/ Example: Yo(z) = (;) e /2,
cyv=2 (dyp=23
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Ladder Operator Formalism

The classical Hamiltonian can be factorized into

mw?z?  p? mw D [Thw D
H — —_— = —7r — _— )
() 5 —|—2m w( 5 x —1 2mw)( 5 ) —Qmw)

However, for the guantum Hamiltonian, we have an additional term due
to the commutation relation [z, p| = ih:

1
—hw(éﬁ + —)
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Ladder Operator Formalism

A 1
H—hw(&T&—l—§>, G,a'] =1

Then we have

(H,d) = —hwa, [H,a'] = hwal.

Meanwhile, the Schrodinger equation is

va (CC) — vav (.CC),

which can be combined with the commutation relations and yield

Hay(z) = (By — hw)ay(z), Halw,(z) = (B, + hw)al v, (z).



Ladder Operator Formalism

Hap,(x) = (BEy — hw)ad,(x), Hal,(z) = (Ey + hw)a v, (x).

This means that ay,(z) and a'vy,(z) are also the solutions of the
Schrodinger equation, with the energies £, — hw and E, + hw.

Therefore, the set of solutions
"y (x) and  (ah)"p,(2),
constitutes an “energy ladder” with a uniform spacings of hw.

The ladder must terminate at some point, as the energy cannot be
negative. So there exists the lowest energy solution which satisfies



Ladder Operator Formalism

ao(x) =0  —  ty(x) + awo(z) = 0.

This is first-order differential equation, which can be easily solved by
separation of variables: ,

Yo(x) = Ae™ " .
The undetermined constant A can be specified by normalization
condition

/ o(@)? do = 1,

which gives



Ladder Operator Formalism

What are the higher-energy wavefunctions? We have seen that
(@") "o (z) ~ Yn(),

but we did not determine the normalization constant.
From the relations

/Zw:;( it (2 / o

we can infer

d¢n($) — \/ﬁwn—l(x)v &Wn(-??) = Vn-+ 1¢n+1(aj)'

aat, (x) de =n+ 1,



We now use the mathematical induction. If Hy(z) = e ( _ d%) =7
1 a\ /4 5
o) = g (5) e (e 1
2nnl \ 7™ S 1 d
. ¢ 2 (\/&C \/ada)

IS satisfied, we have

s~ i (2) [ (o~ i) (- i)
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Matrix Form of the Ladder Operators

In the Harmonic oscillator eigenbasis |n), the matrix form of the
ladder operators are

00 0 0 0 - /01000
1 0 0 0 0 0 0 vV2 0 0
L o v2 0 00 o0 0 V3 0
a =10 0 /3 0 0 » a=1o 0o 0 0 2
O 0 0 2 0 --- 00 0O 0 O
) \: -

To connect these matrices to & and p, we use the relations

1 8}
A A‘I“ A A . A"‘ A
L = a+a, ———zhw—a,—a.




Matrix Form of the Ladder Operators

The products of the ladder operators are given as

/1 000 0 ---\ (000 00 0 -
02000 - 01000 -
003 0 0 00 2 0 0
aa' =0 0 0 4 0 , dla=[g 0 0 3 0 ,
0000 5 0000 4
\:::::'-/ \:::::'-)

~ ~

where we can recognize again the commutation relation [a,a4'] = 1.
Also, a'a is called number operator due to the property

a'a|n) =n|n).






Statistical Thermodynamics of QHO

1 [ (X
~ /\T ~ ~ . /\T ~
€r = a +a, = —1h —a’ — a

For the wavefunction ¢, (z), we have

This reflects the fact that the Hamiltonian is symmetric. However,

2 1 h
n—/w )i (x) dw = 2T

mw

_ / O (2)Pn (z) do = 2”; L.
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Statistical Thermodynamics of QHO
At zero temperature, only the ground state (n = 0) is populated.
| h
T = \/<332 Chs VYV 2mw’
hmw
Op = \/(p =\ 5

This satisfies the lower bound for the uncertainty principle,

h

OxOp = 5



Statistical Thermodynamics of QHO

At nonzero temperature, all states are populated according to
Boltzmann distribution. What is the energy expectation value?

To answer this question, we need to evaluate the expectation value

E(T) = Z(H)nPn(T),
n=0
where the population P,(T) is
exp|—phw(n + 1/2)] 1

B=—.

Pa(T) = kT

> o €xp[—Bhw(n + 1/2)]’



Statistical Thermodynamics of QHO

Meanwhile,
(= L ) = (4 Yo
Therefore
1y (T) — Do o+ 1/2) expl—Bhw(n + 1/2)

> oo gexp|—pShw(n + 1/2)]
| et us evaluate the summations:

- 1 1
Z_:Oexp [— Bhw (n + 5)] Ty L

B 66hw/2_|_€—,8hw/2

S 1 1
Z;)hw<n—|— 5) expl—ﬁhw(n+§)] = (ePhw/2 _ o Bhw/2)2
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Statistical Thermodynamics of QHO

The final result is

A hw eBhw/2 4 e=Bhw/2  p, Bhw
VD) = 5 s = oot ()

At high temperature,

which recovers the classical result (correspondence principle). On
the other hand, the opposite limitis
A hw

%iino<H> () = 2



