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Viewpoints of Quantum Dynamics

There are three different viewpoints for guantum dynamics:

= Schrodinger picture
= Heisenberg picture
" |nteraction picture

These viewpoints differ in where we put the time dependence, and
each of them has unique advantage and consequence.

However, the physical behavior of the system must remain the same
regardless of which picture we take.

This is equivalent to saying that the time-dependence of the expectation
value (A); should remain constant.



Schrodinger Picture

This is what we are familiar at: the state vector evolves in time, and the
operators remain constant.

W) = U0 [$(0)), A(t) = A
The expectation value is expressed as
(A)e = ()| Al9(t)) = (@(0)|UT(1) AU (t) [4(0)) .

From the TDSE, we have (note that we are allowing H to change in time)

daU(t) i - dUt(t) i o
T —ﬁH(t)U(t), prani ﬁU (t)H(1),
d{A A A
which leads to the Ehrenfest’s theorem, A = _£<[A7H(t)]>t




Helisenberg Picture

We can take a different viewpoint and split the expectation value in a
different way:

(A)e = (W) UT () AU (1) [(0)) = ((0)] A(t) [b(to)).

From this viewpoint, the state vector is fixed and the operator evolves.
This is Heisenberg picture.

The equation of motion for the operator is

dA(t) i, -
= _ﬁ[A(t)vH(t)]a

which resembles the Ehrenfest’s theorem and is useful in showing
gquantum-classical correspondence.



Helisenberg Picture

Example: If we consider the harmonic oscillator Hamiltonian
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The operators evolve in a similar way to classical dynamics.



Interaction Picture

This picture is in between Schrodinger and Heisenberg pictures, and
Is effective in treating the dynamics under

H(t)=Hy+ V()
where the perturbation V (¢) has all the time dependence.
We start by defining
Us(t) = Uy ()U(2).
where U(t) exists but its form is unknown.
This splits U(t) into a product form
U(t) = Uo(t)U(t).



Interaction Picture

If we substitute U(t), the expectation value is expressed as
(A)r = ((0)| U (£) U (1) AUs (1) Ur (1) [(0))
= (Y1 ()| AL (t)r(t)).

That is, the operator moves under the influence of H, and the state
vector is affected by the time-dependent component V (¢).

The latter becomes more apparent by observing

AU~ dU, AUy o a
ih— = [Ho + V(U — zhd—UI+th0 dtf (Hy + V()]0,Uy,
from which we can derive
dU ~ A A A A~ A
md—tf = UV () OoU; = Vi()U;



Summary of the Viewpoints

Schrodinger Heisenberg Interaction
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Interaction of Quantum System with Light

In the classical electromagnetism, the light is represented as a
combination of oscillating electric and magnetic field.

(t) = &y cos(kx — wt)éy
q":‘, [;(t) p— BO COS(kIE — Wt)éz
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The ratio between the amplitudes of the electric and magnetic fields

are equal to the velocity: c
_“0

v
We can therefore neglect the effect of B(¢) and focus only on £(t).
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Interaction of Quantum System with Light

When a wavefunction of a charged particle interacts with light, the
tendency of interaction can be quantified by the dipole operator

fL=qr.
Its matrix elements can be calculated in terms of the wavefunctions,
s = (Yal a7 [W) = q / $2(7) # o (7) dF
= Hapes + Hap€y + [ap€z,

where ¢ Is the charge of the particle and 7 is the positional vector
operator in three-dimensional space

r = ze,; + ye, + ze,.



Interaction of Quantum System with Light

We can generalize the expression to multi-particle system,

fab = (Va| (@1T1 + q2f2 + - - qnTp) [1p)
= (qj /w:(ﬂ,f‘z ) By by (P, T ) AL i - -dfn),
J
with ’Iqj = :E’jex + Z/J\jey + ijez.

As a result, (i is still a 3-dimensional vector whose components are
ap = (%/w 1, T2 - )@jwb(fl?la’l?z""l?n)dﬂd@"'d’l?n),

and so on.



Interaction of Quantum System with Light

When a =0, [i,, 1S the stationary dipole moment of the state «.

In contrast, when a # b, b couples different states in the presence of
electric field and is called transition dipole moment.

—

The time-dependent electric field £(¢) introduces the additional term
In the Hamiltonian
H(t) = Hy+ V(t),
whose matrix representation in |¢,) and [¢) basis is
’ (EQ@) - fiaa E(E) - Hap
0= (Go) e &0 )
We can see that ji,, canindeed induce the transition.



Interaction of Quantum System with Light

However, to analyze the dynamics, we need to consider the total
Hamiltonian

—

HY(t) = Hy +V¥(t) = (Ea TEW) flaa  E() - flap. ) .
E(t) - fiva Ey + E() - fiv
where E, and E, are the energies of the molecular guantum states.
Usually, the energy difference E, — E, between these states is very

large compared to the dipole moment contribution, and the
population transfer cannot easily take place.

However, as we will see, a resonant light wave which satisfies
hw = E, — E, can induce a complete population transfer.
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Light-Molecule Interaction in the Interaction Picture

We first neglect the diagonal contribution of the dipole, which is
negligible compared to the diagonal energy difference.

ﬁ@b(ﬂ _ (_’ Ea,_) g(t) ) uab> .
g(t) " Uba Eb
Then we assume a resonant monochromatic light
E(t) = & cos(wt), hw = Ep — E,,

and redefine the zero of energy as E, — 0. As a result, we obtain

0= ponn | )

where we have defined F = &, b = Ey - b -
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Light-Molecule Interaction in the Interaction Picture

We now switch to the interaction picture by splitting the time-
Independent and dependent parts

10 =147 0= () )+ (poory o)

Our goal is to obtain the propagator in the interaction picture Uy (t).

We start by transforming the Hamiltonian according to
Vi(t) = UV ()0,

with the matrix representations of the operators

. 1 0 R Ia 0 it | —iwt
056 = (0 M) - Vi =3 (e"’?wt et 0 ) |
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Light-Molecule Interaction in the Interaction Picture

Therefore, we have
Vf(t) — ﬁgv(f)ﬁo

_F (1 0 0 et +e ™\ (1 0
— 9 0 eiwt eiwt_l_e—iwt 0 0 e—iwt

_F 0 14 g2t 0 F/2
2 \ 1+ et 0 F/2 0 )’

The last step is called rotating wave approximation (RWA), which is
satisfied when F/2 <« hw (weak light).

We notice that the interaction Hamiltonian now allows a complete
population exchange in the evolution of |¢¥;(t)).
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Light-Molecule Interaction in the Interaction Picture

By using the expression
d - A
ihan(i) = Vj(t)U[(t),
and that the mixing angle is § = n/4, we can derive the propagator
(chapter 2, slide 23)

A cos(Q2t)  —isin(Qt) F
U}p(t) B (—i sin(2t)  cos(2t) ) = 2K

If we assume that the molecular state is |¢,) at ¢t = 0, the evolution of

the state follows
1

o) = (o) W) =0 o) = (i)
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Light-Molecule Interaction in the Interaction Picture

We finally go back to the Schrodinger picture by using
U(t) = Up(t)Ur(2),
which indicates that

(1)) = U¥ () [9(0)) = Uy (1)U} () [(0))
- ((1) egwt) (i():lg(zgt)) B (ief?ﬁt(?ig(ﬂt)) |

Therefore the time-dependent populations of individual states are
P,(t) = cos*(Qt), Py(t) = sin®(Qt),

which oscillates with the period T — % |

A LéFEH'cb'I-jl_ [=)
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Summary

By using the interaction picture, we could see how an oscillating
electric field can induce transition between different guantum states.

The derivation utilized rotating wave approximation, which requires
the light-molecule interaction strength F to be much smaller than hw.

If this condition is satisfied, the dynamics is slow enough so that the
effect of the rotating term e*“* averages out to zero during the dynamics.

The light can induce both absorption and stimulated emission.

Question: how about spontaneous emission?



