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Analytical vs. Numerical Solutions

Mathematician:

Engineer: /3 = 2
Statistician: V3 = 1.7
Physicist: /3 = 1.73205
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Analytical vs. Numerical Solutions

Consider a simple quadratic equation
% = 2.
We all know that the two solutions of this equation is z = +£v/2.

These solutions are exact, as V2 is defined to be a number which yields
2 when squared. Such exact solutions are called analytical solutions.

On the other hand, if we try to solve this equation by using a
computer or a calculator, the answer we get (for a 10-digit display) is

T = +1.414213562,

which is as accurate as the machine precision and is certainly not
exact. Such solutions are called numerical solutions.



Analytical vs. Numerical Solutions

Analytical solutions of an equation or a differential equation only
Involve exact numbers and functions.

There are (many) cases where we cannot obtain analytical solutions,
but we can still calculate numerical solutions with a high precision.

ex) polynomial equations of 5™ or higher order, or equations which
Involve transcendental functions, such as Inz = sin .

For a given problem, we usually try to find the analytical solutions first,
as they often give useful insights.

If it seems not possible to do so, we calculate the numerical solutions
with enough accuracy, which can still be used for practical purposes.
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Schrodinger Equation with Simple Potentials

The (time-independent) Schrodinger equation
Hy = Ey)

IS determined by two factors:

- The dimensionality of the system
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- The form of the potential energy operator V for particles in the system.

In undergraduate physical chemistry course, we study some cases
that provide analytical solutions,

- Free particle / particle in a box (1-dim)

- Harmonic oscillator (1-dim)

- Rigid rotor (2-dim)

- Hydrogen atom (3-dim)
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Free Particle

This is the easiest (and arguably the most boring) Schrodinger equation.

The particle does not feel any potential (hence the name “free particle”),

V(x)=0.
Solving the Schrodinger equation
he dPy(x) _
o T Eiy(x), FE >0,

gives the solutions and eigenvalues of
: 2mkb
() = e k= ey

h
As there is no restraint on E, all positive energies are allowed.

We therefore do not see any quantization in this case.
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Particle In a Box

This is where we start seeing the effect of quantization. In this case, the
particle is trapped in a finite-sized well of length L and infinite depth,

(

00, x <0,
Viz)=< 0, 0< 2z <L,
o0, x > L.

\

The infinite potential imposes the boundary condition
¥(0) = (L) =0,

which allows the solutions and eigenvalues of I3

2 NTIL n2m2h?
sa@ =7 ("F) Ea= g

with quantized energies E,, depending on the quantum number n.
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Harmonic Oscillator

This problem Is motivated by a mass attached to a spring, which is

also a prototypical model for molecular vibration. The potential is
Vi(x) = %mwQQZz,

where w = 27v 1S the angular frequency of the vibration.

The first few solutions and eigenvalues are (o« = mw/h)

@ 1/4 2 1
i) = (&) e Fo— 1o,
403\ /4 ) 3
1(z) = (&) e/, by = Shw,
78 2

o ]./4 5
_ [ = 2 —am2/2 — _
¢2(CU) = (471‘) (20533 1)6 : Eo Qhw,
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Harmonic Oscillator

ex) Show that the Schrodinger equation is satisfied for

403\ /4 )
%(33) — (Od) e O /2’

T

. . 3
with the eigenvalue E; = §hw.

\
JH
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Harmonic Oscillator

The general expression for the solutions and eigenvalues are

Hy(z) =1,

H,(z) = 2, 1/4

H(z) = 4z° — 2, L 1 g H \/_ —az?/2
Hy(z) = 82° — 12z, w”(aj) R I (W) ”( oz:c)e ’
Hy(z) = 162" — 482° 4 12, -

Hs(z) = 322° — 1602 + 120z, 1

Hg(z) = 642° — 480z" + 7202* — 120, FE, = hw (n + —),

Hy(z) = 12827 — 13442° + 33602° — 1680z, 2

Hg(z) = 2562° — 35842° + 134402 — 134402 + 1680,

Hy(z) = 5122 — 921627 + 483842° — 806402° + 30240z, & = Tw / h,

Hyp(z) = 10242" — 230402° + 161280z — 403200z" + 3024002 — 30240.

where H, (x)is the Hermite polynomial of order n.
The energies of the states are uniformly spaced by the amount of Aw.

https://en.wikipedia.org/wiki/Hermite_polynomials 10
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Molecular Degrees of Freedom @ ,,, @

A diatomic molecule has 3 x 2 = 6 coordinates of movement in total
(degrees of freedom, DOFs).

Among them, three DOFs are translational motions of the center of
mass, whose total massis M =m4 + mp.

The remaining three DOFs of a molecule can be classified as rotational
(two DOFs) and vibrational (one DOF) motions.

These motions are equivalent to the motions of a single particle

connected to a fixed point by a spring. The mass of this fictitious particle
Is called the reduced mass,

mamp (1 1 1 ) r O
= =t —). e "
ma+mp Lo ma  Mp

o
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Rigid Rotor

Suppose a point mass of u is at a fixed distance ro from the origin,
and is allowed to freely rotate along the angular coordinates.

As this system has spherical symmetry, it is better to use
spherical polar coordinates rather than Cartesian coordinates.

Z
«(1,0,0)
r x = rsinfcos @ ro
— 7 sin 0 sin
Q/ Y ¢
g : y z = rcosb
@ fixed point
R (origin)

https://en.wikipedia.org/wiki/Spherical_coordinate_system

it
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Rigid Rotor
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The Hamiltonian in such system is

- 1 of . 0 1 02 A

H=Hh=  2ur2 | sinf 06 (SIHQ%> " sin® 6 8(152] - V=0
Solving the Schrodinger equation gives the solutions and eigenvalues
of . . K

U0 6) = Y (0,0), Bi= g Sli+ 1)

where Y, (0, ¢) is called spherical harmonics, which is specified by the
quantum numbers [ and m.

[ 1S a non-negative integer, and mis an integer satisfying —Il <m < 1.
As the energies do not depend on m, there are 21 + 1 degenerate
solutions for a single value of .

tot
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Rigid Rotor

TABLE5.1 §;,,(0)

I =0 Soo = ¥V2 1 .
— Y™ (0,9) = —=Sim(0)e™?
1 Y
[ =1: S10=3V6cosb V2T
Sl"‘l —%\/ESIHH
| =2 S,0 =31V 10(3cos*h — 1)

Sy+1 = l\/E sinf cos f
Sy +2 = i\/l_‘i sin® 6

| =3: S30 = 3V14(3cos’ 6 — cosh)
S3.41 = 'g\/éﬁsin@(ﬁ cos’f — 1)
8319 = i\/ﬁsingﬂcosﬂ
83,43 = 'g\/?_051n39

Levine, |. N. Quantum Chemistry, 71" ed.
https://en.wikipedia.org/wiki/Spherical_harmonics 14
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Rigid Rotor

ex) Show that the Schrodinger equation is satisfied for

Yll (0,9) = ? sin 0 ei¢,

. . h?
with the eigenvalue F1 = —;.
K76

=
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Hydrogen-Like Atom

One electron is electronically bound to the nucleus
with the charge +Ze.

ex) H, He! Lit...

The Hamiltonian for this system is
H=K+V
h2(62 2 0 182 1 %, 1 82)262

— cot— +
Or? L r Or T2 r2 892 2“2 Y59 r2 sin? § O¢>?

Aweqr’

which can be solved by separation of variables by assuming the

solution of the form
Y(r,0,9) = f(r)g(@)h(e).
16
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Hydrogen-Like Atom

Solving the Schrodinger equation leads to atomic orbitals, which is
characterized by three qguantum numbers n(principal guantum number),
| (azimuthal quantum number), and m(magnetic quantum number).

n 1S a positive integer, [ Is a non-negative integer ranging from 0 to n — 1
fora given n, and mis an integer ranging from —I/to [ for a given n and [.

An orbital is named after its principal and azimuthal quantum numbers.

The energy of the orbital only depends on n:
4 2 2
(e Z 1 L

For a given n, there are n® degenerate orbitals.

17



Hydrogen-Like Atom

TABLE 6.2 Real Hydrogenlike Wave Functions

o 1 E 3":2“_,—:*;.-'.5-
’ ,n.l_.-'l a

4(2ar )Vt \a a

] E 32 i D
2p. = —ﬁ(—) re S cos
© o 4(2m)12\a
1 AT L
" — = —&rfla _-
2p, 4{27;)1.*'3(&) re sin # cos ¢
| N s
2py = ———| =1 re” " sin @ sin
h 4{21r]|l-'3(ﬂ') ?
2
dmegh
aQ — ————F—

pe?

~Zrj%a

sin 8 cos @ sin ¢

1 AR T T
= —”(E) re” 1% sin’ B cos 2¢

| AU
ﬁ(g) rre”#13 gin’ @ sin 2¢b

Levine, |. N. Quantum Chemistry, 7" ed.

18
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Separable Hamiltonian

Consider the particle in 2-dimensional box, specified by the potential

0, 0<z<L,, 0<y<L,,
0, otherwise.

The Hamiltonian inside the box can be split into - and y- components,

g:_fﬂ 0> nt o

2m 0x2  2m Oy?

which allows the Schrodinger equation to be solved by the separation
of variables. We assume a solution of the form

Y(z,y) = f(z)9(y),

h® (fl 0*f(z) | 1 829(31)) o

Tam\f@) 002 " g(y) 0y

— H, + H,,

which leads to
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Separable Hamiltonian

Rearranging the equation gives

2 2 2 2
h 16f(.:13)_E_|_ﬁ 1 0°g(y)

_ > f(a:) 52 = o g(y) 83/2 — const.

To clarify the physical meaning of the constant, we take the leftmost
component and rearrange the equation into

h? d?f(x)

29m dx2

= (const) f(x),

which is just the particle in a box problem for the z -direction. Hence,
the constant can be thought as “the energy of the z-component”.
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Separable Hamiltonian

The same logic can be applied to the y-direction, and we can
conclude E=E,+E,
where E, and E, are the energies assigned to each dimension.

B2 d2f(z) : n? d’g(y)
_ —F, H _

H,f(z) = = Ey9(y).

The normalized solutions are

2 . 2 .
o) =\ psin (). g, ) = 7 sin (L),

with guantum numbers n, and n,,.

21
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Separable Hamiltonian

The full solution can be reconstructed as

4 z .
wnm,ny (339 y) — fnm (x)gny (y) — LxLy sin (?’LLW.CU) Sin (nzzy>,

and the energy eigenvalue for each solution is, of course,

m2h? [n n’
Enw,ny — Em,nm T Ery,ny - (LQQ: T L_g) |
£ Yy

2m

This observation can be generalized into Schrodinger equations that
can be separated into independent components:

ﬁ(.CUl,QZQ,ﬂ?g'-') H1(561)+H2(332)+H3 333 ZH .’L‘J
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Separable Hamiltonian

1. Separately solve the Schrodinger equation for each component of
the Hamiltonian. Each solution has its own quantum number n;.

ﬁj (wj)¢$janj (xj) — Eﬂ?j,nj (xj)wiﬂj,nj (xj)
2. The full solution for the total Hamiltonian can then be constructed
by multiplying the solutions of individual components

Qp{nl,nz,nS--- }(a:‘lj L2y, X3 " -- ) 170351 ni (331)7703;2 n2 ($2)w$3 n3 QU3 waj s T 5 ':CJ ‘

3. The corresponding energy eigenvalue is the sum of |nd|V|dual energies:
E{n1’n2’n3...} — EfBl;nl + E;cg,ng + Eaz3,n3 + = ZELUj,TLj'
j
This observation will be crucial in developing methods to numerically
solve Schrodinger equations for atoms and molecules.
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